On several symmetry conditions for graphs  by Yu, Xingxing
Discrete Mathematics 102 (1992) 51-59 
North-Holland 
51 
On several symmetry conditions 
for graphs 
Xingxing Yu 
Department of Mathematics, Vanderbilt University, Nashville, TN 37235, USA 
Current address: School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332, 
USA 
Received 9 October 1988 
Revised 15 November 1988 
Abstract 
Yu, X., On several symmetry conditions for graphs, Discrete Mathematics 102 (1992) 51-59. 
In this paper we deal with simple graphs. We investigate vertex-transitivity, edge-transitivity 
and symmetry of graphs, especially the relationships among them. We first give an equivalent 
condition for a graph to be vertex-transitive. Then we show that there is an infinite class of 
graphs whose edge-transitivity is equivalent to symmetry. Also we shall give a positive answer 
to a special case of a question by Holton. 
1. Introduction and abbreviations 
Throughout this paper, we consider simple connected graphs. The results are 
easily extended to disconnected graphs. The terminology basically follows that of 
[l] and [ll]. For convenience, we state some of them here. 
A graph is said to be vertex-transitive if its automorphism group acts on the 
vertex set transitively. 
A graph is said to be edge-transitive if its edge automorphism group acts 
transitively on the edge set. 
A graph is symmetric (also known as l-transitive) if for any two edges {u, V} 
and {x, y} (not necessarily distinct) there are two automorphisms f, g of the 






f(v) =Y, g(v) =x. 
For simplicity, we use the following notation. 
l VT vertex-transitive, 
l VTG VT graph, 
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ETG ET graph, 
VET both vertex and edge transitive, 
VETG VET graph, 
VETNS VET but not symmetric, 
VETNSG VETNS graph, 
VISG vertex induced subgraph, 
Aut(U) automorphism group of a graph U, 
As {g~A:g(u)=u,Vu~S}. 
Note that As is a subgroup of A, and we usually write Aab...= if S = 
{a, b, . . . ) c}. 
Also, we need the following result (due to Whitney [lo]). 
Theorem 1.1. Zf G and H 
shown below, each edge 
isomorphism of G onto H. 
are connected graphs, then, except for the four cases 
homorphism from G onto H is induced by an 
Gl T G2 
T 
A A 
- “;;’ Hl “2 
Fig. 1. 
proof 
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2. An equivalent condition for a graph to be VT 
In [3], Greenwell and Hoffman obtained an equivalent condition for a graph to 
be ET. We will obtain a similar result for a VTG. 
Definition 2.1. Call a graph U ‘excellent’, if for two arbitrary VISG’s of U, say G 
and H, there exists a VISG G1 of G, such that Gi is isomorphic to a VISG of H 
and 
IVtG)l~ 
IV(G)1 - IVW 
Iv(m . 
Lemma 2.2. Zf Aut(U) has a subgroup A which is transitive on V(U), then U is 
excellent. 
Proof. Let G and H be two arbitrary VISG’s of U and Vf E A, v E V(U), let 
$f, v) = I 1, iff(v) E V(H) and v E V(G), 0, otherwise, 
f-I 
It is obvious that Eve”(u) r,, = CfEA zf 
Since A is transitive on V(U), for any w E V(H), there exist IAl/lV(U)l 
members of A mapping a vertex v of G to w. 
Hence rv = (IAl/lV(U)l) IV(H)1 if v E V(G) and rv = 0 otherwise, so 
Hence there must be at least one fi E A such that 
tf > IV(G)l. lVW)l 
I/ IV(W * 
Let G1 be a VISG of G with V(G,) = {v E V(G): t(fi, v) = l}. Then 
IV(G)l~ 
IV(G)l - IVWI 
IV(U)l . 
Now let Hi be the VISG of H with V(H,) = f (V(G,)) and let g = f IVcG,) be the 
restriction off on V(G,). Then obviously g is an isomorphism from G, to HI. 
On the other hand, we have the following. 
Lemma 2.3. Zf U is an excellent graph, then Aut(U) is transitive on V(U). 
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Proof. Let IV(U)1 =n, vl, v,EV(U), G=U-v,andH=U-v2. 
Step 1. G is isomorphic to H. 
Since U is excellent, there is a VISG G, of G which is isomorphic to a VISG HI 
of H such that 
Hence IV(G,)l = n - 1 = IV(G)l, so G1 = G. Also HI = H. Thus G is isomor- 
phic to H. 
Step 2. U is regular. 
Otherwise U - vI and U - v2 would have different numbers of edges. 
Step 3. Aut( U) is transitive on V(U). 
Let r be the degree of regularity of U. 
If r = 0, then U is empty and Aut(U) is automatically transitive on V(U). 
If r > 0, let f be an isomorphism from G to H. It is obvious that the r vertices of 
degree T - 1 in G (or H) are precisely the neighbourhood of vi (or v2) in U. Let 
f’ : V(U) + V(U) be given by 
Then f’ E Aut(U). By the arbitrariness of v1 and v2, we can say that Aut( U) is 
transitive on V(U). 0 
Hence we have the following. 
Theorem 2.4. There are three equivalent conditions for a graph U: 
(1) U is VT, 
(2) U is excellent, 
(3) (a stronger form of being excellent): for any two VZSG’s G, H of U, there 
exist VZSG’s G1 of G, HI of H with 
and an automorphism g of U so that HI = g(G,). 
3. Relations among several symmetry conditions 
It is easily seen that an example of ET but not VT graph is K,,, (m # n). Also 
it is easy to give an example of a graph which is VT but not ET. 
By the definitions, a graph which is symmetric is VET. But the converse is not 
true. In fact, for every n 2 2, Bouwer [2] gave regular graphs of valency 2n which 
are VETNS. On the other hand, Tutte [8] proved that any VETG of odd valency 
is symmetric, which will be a corollary in Section 4. 
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Here we give some graphs such that if the graph is ET, then the graph is also 
symmetric. 
First, we state (without proof) an equivalent condition for a graph to be 
symmetric; namely, 
U is symmetric iff U is VT and the subgroup (Aut(U)), is transitive on N(u) 
(the neighborhood of u). 
Lemma 3.1. Let U be a graph. U is symmetric iff U is ET and there are two 
adjacent vertices u and v and an automorphism g E Aut( U) such that g contains the 
transposition (u, v), i.e. g(u) = v and g(v) = u. 
Proof. By Theorem 1.1, we can assume every edge automorphism of U is 
induced by an automorphism of U. 
(+) Follows from the definition if we pick {u, v} and {x, y} such that x = v, 
y = u. 
(+) Let (4, vr} be any edge of U. Since U is ET, there is an automorphism 
f E Aut( U) which induces an edge automorphism taking {u, v} to {ul, vl}. Thus 
either 
f(u) = 43 f(u) = Vl?
f(v)=% Or f (VI = Ul. 
Let h = fg. Then h E Aut(U) with 
1 
h(u) = ~1, 
h(v) = ~1, 
if 
1 
f(u) = Ult 
f(v) = 2117 
or 
I 
h(u) = ui, f(u) = Vl> 
h(v) = ~1, 
if 
f(v) = Ul. 
So U is symmetric. 0 
To obtain our main result in this section, we need to enumerate the 
transpositions which are contained in the cyclic decompositions of 
automorphisms. 
Suppose U has an automorphism g = (12 . - - m), 2 < m s n where V(U) = 
{I,% * . . 9 n}. Every vertex j > m is adjacent to either all of { 1, 2, . . . , m} or 
none of them. Now the subgraph M = G[{l, 2, . . . , m}] is a circulant graph. (A 
graph is circulant if it has a cyclic automorphism of degree n where n is the order 
of the graph). Powers of g correspond to rotations of M, but we also have 
automorphisms corresponding to reflections of M. In particular the following. 
Lemma 3.2. Let U be a graph with V(U) = (1, 2, . . . , n}. If (12 * - - m) E Aut(U) 
(2 < m s n), then there are m automorphisms in Aut(U). 
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(I) If m is an odd number, say 2r + 1, then U has m automorphisms of degree 
m - 1 as follows: 
(i-l,i+l)(i-2,i+2)**.(i-s,i+s), i=l,2,.. . ,M, 
where the addition is modulo m. 
(II) If m is even, say 2.s, then U has s automorphisms of degree m: 
(i, i - l)(i + 1, i - 2) - * . (i + s - 1, i -s), i = 1, 2, . . . , s, 
and s automorphisms of degree m - 2: 
(i-l,i+l)(i-2,i+2).*.(i-s+l,i+s-l), i=l,2,. . . ,s, 
where the addition is modulo m. 
Lemma 3.2 is due to Dong [4], and it is not difficult to give a graph theoretic 
proof. 
By simple observation, we have the next lemma. 
Lemma 3.3. If the graph U has an automorphism Ed = (12. . . m) of degree m 
(>2), then, Vi, j (1 c i #j s m), there is an automorphism of U whose cyclic 
decomposition contains the transposition (i, j). 
Theorem 3.4. Let U be a connected regular ETG of valency r. If Aut( U) contains 
a cyclic automorphism of degree m (~2) and m > (n - r), then U is symmetric. 
Proof. By Lemma 3.1, letting V(U) = { 1, 2, . . . , n}, we only need to prove that 
there is an automorphism of U containing the transposition (i, j) for some edge 
{i, j} with 1 =Z i, j c n. We might as well assume that the cyclic automorphism is 
(12. . . m). If m > 2, then by Lemma 3.3, there must be an automorphism of U 
containing the transposition (i, j) for any i, j with 1~ i fj s m. But there must be 
one such pair with i adjacent to j. Otherwise, { 1, . . . , m} would be an 
independent set of U and so we have r s n - m-contradicting the inequality 
m > n - r. That completes the proof. 0 
Corollary 3.5. A circulant graph is symmetric iff it is ET. 
Proof. Immediate, since a graph of order n with a cyclic automorphism of degree 
n is a circulant graph and vice versa. 0 
In [7], Turner proved that a VTG of prime order is a circulant graph. So we 
have the following. 
Corollary 3.6. A VETG of prime order is symmetric. 
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4. On VETNSG’s 
We first state the following thoerem as a definition. 
Theorem [ll; Theorem 7.41. A permutation group A is primitive on its set S @A 
b transitive on S and for any u E S, A, is a maximal subgroup in A. 
A permutation group is said to be imprimitive if it is not primitive. 
Holton [6] asked: Are automorphism groups of VETNSG’s necessarily 
imprimitive? 
We study it in this section. 
Lemma 4.1. If U is a non-empty VETG, then U is not symmetric iff there is an 
edge e = {u, v} such that Aut(U - e) = (Aut(U)),.. 
Proof. (+) By Lemma 3.1, U does not have any automorphism containing the 
transposition (u, v). Let the valency of U be r. Thus U-e has precisely two 
vertices of valence r - 1, and each automorphism of U - e either exchanges u and 
v or fixes both u and v. Hence Aut( U - e) is a subgroup of Aut(U). But 
Aut(U - e) has no member exchanging u and v, so Aut(U - e) is also a subgroup 
of (Aut(U)),,. On the other hand, each member of (Aut(U)),, is an automorph- 
ism of U - e, so Aut(U - e) = (Aut(U)),,. 
(+) If there is an edge e = {u, v} such that Aut(U - e) = (Aut(U)),. and U is 
symmetric, then there is an automorphism g E Aut(U) containing (u, v) as a 
transposition. Thus g E Aut( U - e) but g $ (Aut( U)),,-a contradiction! Thus U 
is not symmetric. 0 
Theorem 4.2. Zf U is a connected VETNSG, then A = Aut(U) is imprimitive on 
E(U). 
Proof. First of all, for this graph U, we can assert that there is a vertex u E V(U) 
such that A, can not fix all vertices in N(u)-the neighborhood of u. Otherwise, 
for any u and v E N(u), A, fixes v. That is, A, is a subgroup of A,. On the other 
hand, A is transitive on V(U), so lAUl = IA”1 and hence A, =A,. By the 
connectedness of U, V w E V(U), A, =A,,,. Therefore, either A = 1 or A, = 1 for 
any u E V(U). But U is VT and nontrivial, so A # 1. Hence A, = 1 for any 
u E V(U), and so IAl = IV(U)l. By the edge-transitivity, IE(U)l divides IV(U)( 
and U is connected, so we have 
IV(W - 1 s F(U)1 s IV(W 
Thus either 
IE(U)l= IV(U)1 and U is regular of valency 2, or 
IE(U)l = 1, IV(U)1 = 2, and U is complete. 
In both cases, U is symmetric-contradiction. 
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Now we can pick u and v E N(u), such that A, does not fix ZJ. Consider the 
subgroup A, on E(U) where e = {u, v}. If A is primitive on E(U), then A, is a 
maximal subgroup of A. By Lemma 4.1, A, = Aut(U - e) = A,,-the subgroup 
of A fixing u and u. But A, =A,, <A, <A, and therefore A, is not maximal. 
Hence A is imprimitive on E(U). 0 
To investigate Holton’s question, we need the next lemma. 
Lemma 4.3. Zf U is VETNSG, then Vu E V(U) and V v E N(u), N(u) is the 
disjoint union of r, and rd (where C is the orbit of A, containing v and 
r, = {g(u) : g-‘(u) E G, g E A) is the paired orbit of A,). 
Proof. Since U is VETNS, A, cannot fix every element in N(u) and A,, is not 
transitive on N(u). Thus c #N(u). Obviously, r, z N(u) and I” E N(u). By 
Theorem 16.1 in [ll], I’,‘, is also an orbit of A, with either c n r; = $ or c = rd. 
So N(u) is the union of paired orbits. For any x in N(u) we have g in A so that 
g({u, v}) = {u, x}. If g(u) = u, then x in r,. If g(u) =x, then x in rd. So N(u) is 
the disjoint union of c and I” (since & # rd). 
Corollary 4.4. Every VETG of odd valency is symmetric. 
Proof. If not, then let U be a graph as in Lemma 4.3, we would have 
IN(u)1 = 2 Kl = even, since Ir,] = IrJ by Theorem 16.3 in [ll], which is a 
contradiction. That completes the proof. Cl 
Theorem 4.5. Let U be a VETNSG of valency 4. Then A = Aut(U) is imprimitive 
on V(U). 
Proof. Suppose A is primitive on V(U). If we pick a vertex u in V(U), then N(u) 
is the union of r, and r; for some v E N(u) by Lemma 4.3. Since IN(u)1 = 4, then 
Ir,l = 2, i.e. A, has an orbit of length 2. By Theorem 18.7 in [ll], A is a 
Frobenius group. Since 
IAl = IAul luAl = IA,,,,,1 . IvA4 * luAl, 
where uA = {g(u): g E A} and vAu = {g(v): g E A,}, and for a Frobenius group 
(A,,,,,1 = 1, IAl = IvA=l luAl = ICI IV(U)1 = 2 IV(U)l. Therefore, lAUl = 2, i.e. 
the number of automorphisms fixing u is 2 and one of these automorphisms is the 
identity. Now every element in a Frobenius group has degree at least IV(U)1 - 1, 
so if we let g E A such that g(l) = I, then g* is the identity and g is of the form 
g = (ii, jr) . . . CL jk)W 
where V(U) = (1, 2, . . . , n} and IV(U)1 = n = 2k + 1. 
Now if g and h are distinct automorphisms of the above form, then g and h 
have no transpositions in common. Otherwise, gh E A and gh is not the identity, 
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but gh would fix two vertices. So all elements of degree n - 1 of A contain distinct 
transpositions. By Theorems 5.1 and 16.7 in [ll], A has a normal subgroups R of 
index 2 and R consists of all elements of degree it and the identity. So we have [RI 
automorphisms of degree n - 1. But IR I= ]A)/2 = jV( U)1 = II. So the number of 
distinct transpositions contained in automorphisms of degree n - 1 is 
k*n= 
n-l n 
-*?l= 2’ 2 0 
Therefore, for any two vertices u and r~, we can find an automorphism containing 
(u, u) as a transposition. By Lemma 3.1, CT is symmetric. Again, 
contradiction! 0 
Remark. Recently, Praeger and Xu found VETNSG’s with primitive automorph- 
ism groups, the smallest of which has 253 vertices and is of valency 24. 
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